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06 Conformal β- change in Finsler spaces
S. H. Abed ∗
Abstract. We investigate what we call a conformal β - change in Finsler spaces,
namely
L(x, y)→ ∗L(x, y) = eσ(x)L(x, y) + β(x, y)
where σ is a function of x only and β(x, y) is a given 1- form.
This change generalizes various types of changes: conformal changes, Randers
changes and β - changes.
Under this change, we obtain the relationships between some tensors associated with
(M,L) and the corresponding tensors associated with (M, ∗L). We investigate some σ-
invariant tensors . This investigation allows us to give an answer to the question: Are
the properties of C-reducibility, S3-likeness and S4-likeness invariant under a conformal
β - change?
1. Introduction and Notations
Let (M,L) be a Finsler space, where M is an n-dimensional differentiable manifold
equipped with a fundamental function L. Given a function σ, the change
L(x, y) −→ eσ(x)L(x, y)
is called a conformal change. The conformal theory of Finsler spaces has been initiated
by M.S. Kneblman [5] in 1929 and has been deeply investigated by many authors: [1],
[3], [4],... etc
In 1941, Randers [9] has introduced the Finsler change
rL(x, y) −→ rL(x, y) + β(x, y)
where rL is a Riemanian structur and β is a 1-form on M. The resulting space is a
Finsler space. This change has been studied by several authors: [7],[12],...etc.
The Randers change has been generalized by Shibata [10] to what is called a β -
change
L(x, y) −→ L(x, y) + β(x, y)
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where L a fundamental Finslerian function. The resulting space known as a generalized
Randers space was studied in [13], [4], [7], [11] and [8],... etc.
In this paper, we construct a theory which generalizes all the above mentioned
changes. In fact, we consider a change of the form
L(x, y) −→ ∗L(x, y) = eσ(x)L(x, y) + β(x, y),
where σ is a function of x and β(x, y) = bi(x)y
i is a 1- form on M , which we call a
conformal β - change. This change generalizes various type of changes. When β = 0, it
reduces to a conformal change. When σ = 0, it reduces to a β- change and consequently
to a Randers change.
We obtain the relationships between some tensors associated with (M,L) ( the
fundamental tensor, the h(hv) - torsion and the third curvature tensor) and the corre-
sponding tensors associated with (M,∗ L) .
Under the conformal β - change, we investigate some σ- invariant tensors (a tensor
K is σ- invariant if ∗K(x, y) = eσK(x, y)).
This investigation leads us to find out necessary and /or sufficient conditions for
the properties of C-reducibility, S3-likeness and S4-likeness to be invariant under a
conformal β - change (cf. theorems A, B, and C).
More investigation and development of this theory will be the object of forthcoming
papers.
Throughout the present paper, (xi) denotes the coordinates of a point of the base
manifold M and (yi) the supporting element (x˙i).
We use the following notations:
li := ∂˙iL =
∂L
∂yi
: the normalized supporting element,
hij := L∂˙ili = Llij : the angular metric tensor,
gij :=
1
2
∂˙i ∂˙jL
2 : the fundamental tensor,
cijk :=
.
∂k (gij/2) : the(h) hv -torsion tensor ,
ci := g
jk cijk : the torsion vector,
ck := gjk ci : , c
2 = cic
i,
Shijk := cijrch
r
k − cikrch
r
j : the components of the third curvature tensor.
2. Conformal β-change
We firstly introduce the following definition
Definition 1. A change of Finsler metric defined by
L(x, y) −→ ∗L(x, y) = eσ(x)L(x, y) + β(x, y) (1)
where σ = σ(x) is a function of x and β(x, y) = bi(x)y
i is a 1- form, will be called a
conformal β-change.
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This change generalizes various changes studied by Randers [9], Matsumuto [7],
Shibata.[10]...etc.
We assume that ∗L(x, y) enjoys the same properties possessed by L(x, y).
As the Finsler space associated to L is denoted by (M,L), we denote the Finsler
space associated to the conformal β−change by (M,∗ L) .
Throughout the whole paper, the geometric objects associated with ∗L(x, y) will be
asterisked.
Definition 2. A geometric object K is said to be σ−invariant if it is invariant, up to
a factor eσ(x) , under a conformal β−change: ∗K = eσ(x)K.
It follows from (1) that
∗li(x, y) = e
σ(x) li(x, y) + bi(x),
∗lij(x, y) = e
σ(x) lij(x, y). (2)
The angular metric tensor hij is given in terms of hij by
∗hij =
∗L∗lij =
∗Leσlij = τhij , τ = e
σ(x)
∗L
L
. (3)
Then we have the following
Lemma 1.
hij
L
is σ− invariant under a conformal β−change :
∗hij
∗L
= eσ
hij
L
. (4)
As hij = gij − lilj , equations (3) give us a relation between the fundamental
tensors gij and
∗gij:
∗gij = τ(gij − lilj) +
∗li
∗lj . (5)
The relation between the corresponding covariant components is obtained in the
form
∗gij = τ−1gij + µ l i l j − τ−2( l ib j + l jbi), (6)
where µ = (eσLb2 + β )/ ∗Lτ 2 , b2 = bib
i , bi = gijbj .
Let us introduce the pi−vector field
m = B −
β
L2
η , mi = bi −
β
L
l i, m2 = mim
i.
Lemma 2. For a conformal β−change which is not conformal (i,e β 6= 0 ), m 6= 0.
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In fact , if m = 0, then mi = 0 for all i, and consequently bi =
β
L
li which implies
β = eψ(x)L, for some function ψ(x).
Lemma 3. The(h) hv- torsion tensor ∗cijk associated to
∗F is given by
∗cijk = τ [cijk +
1
2∗L
hijk], (7)
where
hijk = hijmk + hjkmi + hkimj . (8)
From the tensor ∗cijk, we obtain the following important tensors:
∗ci
r
j = ci
r
j+
1
2∗L
(hijm
r+hj
rmi+h
r
imj)− τ
−1 cijsl
rbs−
1
2∗Lτ
(2mimj+m
2hij)l
r, (9)
∗ci = ci +
n + 1
2∗L
mi, (10)
∗ck = τ−2[τck − cβl
k +
n + 1
2∗L
(τmk −m2lk)], (11)
∗c2 = τ−1[c2 +
n + 1
∗L
Aβ], (12)
∗cβ = cβ +
n+ 1
2∗L
m2 (13)
where Aβ = cβ +
n+1
4∗L
m2, cβ = cib
i .
Proof.
- Equation(7) is deduced from the definition of cijk together with (5)
- Equation(9) is deduced by rasing the index k in (7), using (6)
- Equation(10) is obtained by contracting the subscript i and the superscript r in (9)
- Equation(11) follows from (10) by rasing its subscript, using (6)
- Equation(12) follows directly from (10) and (11) by contracted multiplication
- Equation(13) is obtained easily from (10) and the definition of cβ by contracted
multiplication. 
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Lemma 4.
(a) The relation between ∗Shijk and Shijk takes the form
∗Shijk = τShijk −
τ
2∗L
[hikHjh + hjhHik − hhkHij − hijHhk] , (14)
where
Hij = ci
r
jmr +
1
2∗L
mimj +
1
4∗L
hijm
2. (15)
(b) The v− Ricci tensor ∗Sik is written in the form
∗Sik = Sik −
1
2∗L
[Aβhik + (n− 3)Hik] (16)
(c) The v− scaler curvature tensor is written in the form
∗S = τ−1[S −
n− 2
∗L
Aβ] (17)
Proof.
(a) From equations (7) and (9) we have
∗cijr
∗ch
r
k = τ [cijr +
1
2∗L
hijr][ch
r
k +
1
2∗L
(hhkm
r + hh
rmk + h
r
hmk)
− τ−1 chksl
rbs −
1
2∗L τ
(2mhmk +m
2hhk)l
r]
= τcijr ch
r
k +
τ
2∗L
[(ci
r
j hhk + ch
r
k hij) mr
+ (cijk mh + cjkh mi + ckhi mj + chij mk) ]
+
τ
4∗L2
[hij hhk m
2 + 2hhk mi mj + 2hij mh mk + hjh mi mk
+ hjkmimh + hihmjmk + hik mj mh].
Similarly, one can obtain ∗cikr
∗ch
r
j (by interchange j and k). Hence the result.
(b) follows from (a) by contracted multiplication, using (6).
(c) is obtained from (b), using (6) again, by contracted multiplication. 
Remark . The tensor Hij defined by (15) has the properties:
1. Hij is a symmetric tensor : Hij = Hji,
2. Hij is an indicatory tensor : Hij y
i = 0 = Hij y
j,
3. gijHij = Aβ.
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3. Geometrical properties of the conformal β-change
Definition 3. [6] A Finsler space (M,L) of dimension n ≥ 3 is called a C-reducible
space if the h(hv)-torsion tensor cijk has the form
cijk = hijMk + hkjMi + hkiMj , Mi =
ci
n+ 1
. (18)
Define the tensor
Kijk = [cijk − (hijMk + hkjMi + hkiMj)]/L.
It is clear that Kijk is a symmetric and indicatory tensor. Moreover Kijk vanishes
if and only if the Finsler space is C-reducible.
Proposition 1. Under a conformal β-change, the tensor Kijk is σ−invariant:
∗Kijk = e
σKijk.
Proof. Using Equation (7) together with the definition of Kijk,we get
∗Kijk = [
∗cijk − (
∗hij
∗Mk +
∗ hij
∗Mi +
∗ hki
∗Mj)] /
∗L
= τ [(cijk +
1
2∗L
hijk)− (
∗hij
∗Mk +
∗ hij
∗Mi +
∗ hki
∗Mj)] /
∗L
= τ [cijk +
1
2∗L
(hijmk + hjkmi + hkimj .)−
1
n + 1
(hij
∗ck + hjk
∗ci + hki
∗cj)] /
∗L
= τ [cijk +
1
n + 1
(hij ck + hjkci + hkicj .)] /
∗L
= eσ[ cijk − (hijMk + hkjMi + hkiMj)] /L = e
σKijk . 
Now, Proposition 1 yields
Theorem A. Under a conformal β-change L −→ ∗L, the space (M,L) is C-reducible
if and only if the space (M,∗ L) is C-reducible.
Consequently the C-reducibility property is invariant under this change.
It shout be noticed that Theorem 4-1 and Corollary 4-1 of Shibata [10] result from
the above Theorem as a very special case. Some results of Matsumoto [7] are also
contained in the above Theorem.
Definition 4. [2] A Finsler space (M,L) of dimension n > 4 is called an S4−like
space if the vertical curvature tensor Shijk has the form
Shijk = hjhMik + hikMjh − hhkMij − hijMhk, (19)
where Mij is the symmetric and indicatory tensor given by Mij =
1
n−3
[Sij −
Shij
2(n−2)
].
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Define the tensor
ηhijk = [Shijk − (hjhMik + hikMjh − hhkMij − hijMhk)]/L,
It is clear that ηhijk vanishes if and only if the manifold (M,L) is an S4−like manifold.
It is not difficult to prove the following.
Lemma 5. The tensor ∗Mij is given in termes of Mij by
∗Mij =Mij −
1
2∗L
Hij.
In fact, the result follows from (12) and (16).
Proposition 2. Under a conformal β-change, the tensor ηhijk is σ−invariant :
∗ηhijk = e
σηhijk
Proof. Taking Lemma 4a and Lemma 5 into account, we get
∗L∗ηhijk =
∗Shijk − (
∗hjh
∗Mik +
∗ hik
∗Mjh −
∗ hhk
∗Mij −
∗ hij
∗Mhk)
= τShijk −
τ
2∗L
[hjkHih + hihHjk − hhkHij − hijHhk]
− τ [hjk (Mih −
1
2∗L
Hih) + hik (Mjh −
1
2∗L
Hjh)
− hhk (Mij −
1
2∗L
Hij)− hij (Mhk −
1
2∗L
Hhk)]
= τ [Shijk − (hjkMih + hihMjk − hhkMij − hijMhk)]
= τ L ηhijk =
eσ ∗L
L
L ηhijk = e
σ ∗L ηhijk.
Hence the result. 
Proposition (2) yields
Theorem B. Under a conformal β-change L −→ ∗L, the space (M,L) is S4−like if
and only if the space (M,∗ L) is an S4−like.
Consequently, the S4−likeness property is invariant under this change.
The above result generalizes Theorem 4-5 (and its Corollary) of Shibata [10] .
Definition 5. [2] A Finsler space (M,L) of dimension n > 3 is called an S3−like
space if the vertical curvature tensor Shijk has the form
Shijk =
S
(n− 1) (n− 2)
[hikhjh − hijhhk] (20)
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Define the tensor
ζhijk = [ Shijk −
S
(n− 1) (n− 2)
(hikhjh − hijhhk)] lL
It is clear that ζhijk vanishes if and only if the manifold (M,L) is an S3−like manifold
Proposition 3. Under a conformal β-change, the tensor ζhijk is σ−invariant if and
only if Hij =
1
n−1
Aβhij .
Proof. Using Equation (7) together with the definition of Kijk, we get
∗L∗ζhijk = [
∗Shijk −
∗S
(n− 1) (n− 2)
(∗hik
∗hjh −
∗ hij
∗hhk)]
= [τShijk −
τ
2 ∗L
(hikHjh + hjhHik − hhkHij − hijHhk)
−
τ
(n− 1) (n− 2)
(S −
(n− 2)
∗L
Aβ)(hik hjh − hij hhk)]
= [τ(Shijk −
S
(n− 1) (n− 2)
(hikhjh − hijhhk))]
−
τ
2 ∗L
[(hikHjh + hjhHik − hhkHij − hijHhk) +
1
(n− 1)
Aβ(2hik hjh − 2hij hhk)]
= τL ζhijk −
τ
2 ∗L
[ (hik (Hjh −
1
(n− 1)
Aβhjh)) + (hjh (Hik −
1
(n− 1)
Aβhik)) +
+ (hhk (Hij −
1
(n− 1)
Aβhij)) + hij(Hhk −
1
(n− 1)
Aβhhk))]
Now the tensor ζ∗hijk is σ-invariant (
∗ζhijk = e
σζhijk) if and only if all terms of the forms
Hij −
1
(n−1)
Aβhij vanish; that is, if and only if the condition Hij =
1
n−1
Aβhij holds. 
Consequently we get
Theorem C. Under a conformal β-change L −→ ∗L, the following two assertions are
equivalent
1. The space (M,L) is S3−like ,
2. The space (M,∗ L) is S3−like
if and only if the condition Hij =
1
n−1
Aβhij holds.
Consequently, the S3− likeness property is invariant under this change if and only
if Hij =
1
n−1
Aβhij
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